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HOMOGENIZATION APPROACH TO THE DISPERSION THEORYFOR REACTIVE TRANSPORT THROUGH POROUS MEDIA∗GRÉGOIRE ALLAIRE† , ANDRO MIKELI‡ , AND ANDREY PIATNITSKI§Abstrat. We study the homogenization problem for a onvetion-diusion equation in a peri-odi porous medium in the presene of hemial reation on the pores surfae. Mathematially thismodel is desribed in terms of a solution to a system of onvetion-diusion equation in the mediumand ordinary dierential equation dened on the pores surfae. These equations are oupled throughthe boundary ondition for the onvetion-diusion problem.Under an appropriate hoie of saling fators (large Pélet and Damkohler numbers), we obtainthe homogenized problem in a moving frame whose eetive veloity does atually depend on thehemial reation.1. Introdution. We onsider saturated ow through a porous medium. Theow domain ontains a ertain mass of solute, usually alled traer. Experimentalworks show that the traer gradually spreads with ow, but its spreading is not welldesribed by the simply averaged advetion-diusion equations for the onentration.This spreading phenomenon is alled hydrodynami dispersion.Following [10℄, the hydrodynami dispersion is the averaged marosopi pitureof the motion of the traer partiles through the pore struture and of the hemialreations of the solute with the solid walls and with other partiles. It is aused bytwo basi transport phenomena involved: onvetion and moleular diusion. Theirsimultaneous presene in the pore struture leads to a omplex spreading of the traer.The interation between the solid pore interfaes and the uid is related to the ad-sorption or deposition of traer partiles on the solid surfae. Eventually, radioativedeay and hemial reations within the uid may also ause onentration hanges.Due to the omplexity of the problem, many results in the literature are onernedwith simple models of porous media being either bundles of apillary tubes, or arraysof ells and so on. Suh simpliations allow expliit alulations. Taylor's dispersionis one of the most well-known examples of the role of transport in dispersing a owarrying a dissolved solute. The simplest setting for observing it, is the injetion ofa solute into a slit hannel. The solute is transported by Poiseuille's ow. In thissituation Taylor found in [36℄ an expliit expression for the dispersion.Atually the hydrodynami dispersion ould be studied in three distint regimes:a) diusion-dominated mixing, b) Taylor dispersion-mediated mixing and ) haotiadvetion. In the rst regime, the veloity is small and the Pélet's number Pe is oforder one or smaller. Moleular diusion plays the dominant role in solute dispersion.This ase is well-understood even for reative ows (see e.g. the papers [16℄, [18℄,[20℄, [21℄, [22℄, [17℄). If the ow rate is inreased so that the Pélet's number Peis muh larger than one, then there is a time sale at whih transversal moleulardiusion smears the ontat disontinuity into a plug. This is the regime under
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+ v∗(x∗, t∗) · ∇x∗c∗ −D∗∆x∗c∗ = 0 in Ωf × (0, T ∗), (2.1)where v∗ is the uid veloity, and D∗ the moleular diusion (a positive onstant).At the solid/uid boundary ∂Ωf takes plae an assumed linear adsorption proess,desribed by the following equations:
−D∗∇x∗c∗ · n =
∂ĉ∗
∂t∗
= k̂∗(c∗ − ĉ
∗
K∗
) on ∂Ωf × (0, T ∗), (2.2)where ĉ∗ is the adsorbed onentration on the pore surfae ∂Ωf , k̂∗ represents the rateonstant for adsorption, K∗ the linear adsorption equilibrium onstant and n is theunit normal at ∂Ωf oriented outwards with respet to Ωf . For more on mathematialmodeling of adsorption/desorption and referenes from the hemial engineering werefer to [15℄.This system is generi and appears in numerous situations (see e.g. the referenebooks [19℄, [30℄, or [32℄). In the modeling variant [4℄ of this paper, oriented to thehemial engineering readership, we explain in detail how to redue the linearizedmodels for binary ion exhange, and linearized reative ow systems with m speiesto the system (2.1)-(2.2).To make an asymptoti analysis of this problem we must rst introdue appropri-ate sales dedued from harateristi parameters suh as the harateristi onentra-tion cR, the harateristi length LR, the harateristi veloity VR, the harateristidiusivity DR, the harateristi time TR, and other harateristi quantities denotedby a R-index (meaning "referene"). Saling in homogenization is an important issue(see e.g. [31℄, [33℄). The harateristi length LR oinides in fat with the "observa-tion distane". We assume that the typial heterogeneities in Ωf have a harateristisize ℓ << LR. We set ε = ℓ
LR

































v(x, t) · ∇xuf −
DRTR
L2R
D∆xuf = 0 in Ωε × (0, T ) (2.3)and
−DDR
LR








) on ∂Ωε × (0, T ). (2.4)This problem involves the following time sales:
TL = harateristi global advetion time sale =LR/VR
TD = harateristi global diusion time sale =L2R/DR
TDE = KR/kR (harateristi desorption time)
TA = ĉR/(cRkR) (harateristi adsorption time)
Treact = superial hemial reation time sale =LR/kR3










(Damkohler number)We hoose to study a regime for whih TR = TD. Due to the omplex geom-etry and in presene of dominant Pélet and Damkohler numbers, solving the fullproblem for arbitrary values of oeients is ostly and pratially impossible. Con-sequently, one would like to nd the eetive (or averaged or homogenized) values ofthe dispersion oeient and the transport veloity and an eetive orrespondingparaboli equation for the eetive onentration, valid in an innite homogeneousporous media.Let us be a little more preise on the denition of Ωε. From now on we assumethat Ωε is an ε-periodi unbounded open subset of Rn. It is built from Rn by removinga periodi distributions of solid obstales whih, after resaling, are all similar to theunit obstale Σ0. More preisely, the unit periodiity ell is identied with the atunit torus Tn on whih we onsider a smooth partition Σ0 ∪ Y 0 where Σ0 is the solidpart and Y 0 is the uid part. The uid part is assumed to be a smooth onnetedopen subset (no assumption is made on the solid part). We dene Y jε = ε(Y 0 + j),
Σjε = ε(Σ
0 + j), Sjε = ε(∂Σ0 + j), Ωε = ⋃
j∈Zn
Y jε and Sε ≡ ∂Ωε = ⋃
j∈Zn
Sjε .The equations for uε = uf and vε = vs in their non-dimensional form read (withthe veloity vε = v)
∂uε
∂t
+Pevε(x, t) · ∇xuε = D∆xuε in Ωε × (0, T ) (2.5)
uε(x, 0) = u
0(x), x ∈ Ωε, (2.6)













) on ∂Ωε × (0, T ) (2.7)
vε(x, 0) = v
















= 1. (3.1)(H2) The veloity eld is periodi and inompressible, i.e.
vε(x, t) = b
(x
ε
)with a periodi divergenefree vetor eld b(y) satisfying
| b(y) | ∈ L∞(Rn), divyb(y) = 0 in Y 0, b(y) · n(y) = 0 on ∂Σ0.4




















) on ∂Ωε × (0, T ), (3.3)
uε(x, 0) = u
0(x), vε(x, 0) = v
0(x), (3.4)where we reall that K and k are positive onstants. The variational formulation of(3.2)-(3.3) is: nd uε(t, x) ∈ L2((0, T );H1(Ωε)) ∩ C0([0, T ];L2(Ωε)) and vε(t, x) ∈










































ψ = 0,together with the initial ondition (3.4).Remark 3.1. If the veloity eld b(y) is not divergene-free and/or does notsatisfy the no-penetration ondition b(y) · n(y) = 0 on ∂Σ0, it is still possible tohomogenize (3.2)-(3.4) by using rst a fatorization priniple in the spirit of [8℄.Remark 3.2. We do not know how to extend our analysis to the ase of a maro-sopially modulated veloity eld b(x, y). Atually we believe the asymptoti behaviorould be ompletely dierent, aording to the preise assumptions on b(x, y). Forexample, in [6℄ (for a onvetion-diusion equation) and [7℄ (for a self-adjoint diu-sion equation) it was shown, under spei geometri assumptions on the marosopidependene of the oeients, that a loalization eet an take plae at a lengthsaleof √ǫ. However the general ase is still open and it is very likely that loalization doesnot always happen.To simplify the presentation we use an extension operator from the perforateddomain Ωε into Rn (although it is not neessary). As was proved in [1℄, there existssuh an extension operator T ε from H1(Ωε) in H1(Rn) satisfying T εψ|Ωε = ψ andthe inequalities
‖T εψ‖L2(Rn) ≤ C‖ψ‖L2(Ωε), ‖∇(T εψ)‖L2(Rn) ≤ C‖∇ψ‖L2(Ωε)with a onstant C independent of ε, for any ψ ∈ H1(Ωε). We keep for the extendedfuntion T εψ the same notation ψ. Our main result is the following strong onver-gene.Theorem 3.3. The sequene {uε, vε} of solutions to (3.2)-(3.4) satises






























dt dx = 0,5
where b̄ is the so-alled eetive drift (a onstant vetor) given by
b̄ = (|Y 0| + |∂Σ0|n−1K)−1
∫
Y 0




(|Y 0| +K|∂Σ0|n−1)∂tu = divx
(
A∗∇xu
) in Rn × (0, T ),
u(x, 0) =
|Y 0|u0(x) + |∂Σ0|n−1v0(x)
|Y 0| +K|∂Σ0|n−1







(I + ∇yχ(y))(I + ∇yχ(y))T dy. (3.7)The vetor-valued periodi funtion χ has omponents χi ∈ H1(Y 0) whih are solu-tions of the following ell problem, 1 ≤ i ≤ n,
b(y) · ∇χi(y) −Ddiv(∇(χi(y) + yi)) = b̄i − bi(y) in Y 0,









b̄ · ∇ũε − div (A∗∇ũε) = 0 in Rn × (0, T )
ũε(t = 0, x) =
|Y ∗|u0(x) + |∂O|n−1v0(x)
|Y ∗| +K|∂O|n−1
in RnTheorem 3.3 is valid only for an unbounded domain Ωε. It is lear from the large driftin (3.5) or in the above equation that there is a serious diulty to deal with the aseof a bounded domain for time muh larger than ε.Remark 3.5. The adsorption rate k appears only in the rst term of the righthand side of (3.7), so it is easy to hek that A∗ varies monotonially with k andblows up when k goes to 0. Sine in the original problem (3.2)-(3.4) the limit ase
k = 0 is perfetly legitimate and means no hemial reation at all, this shows thatthe homogenization limit does not ommute with the limit as k goes to 0. When kgoes to +∞, the rst term of the right hand side of (3.7) anels out, a situationwhih orresponds to xing vε = Kuε on the pore boundaries. The dependene of
A∗ upon the equilibrium onstant K is impliit. At least formally, when K goes to0, one reover the usual ell problem, drift and homogenized tensor orrespondingto homogeneous Neumann boundary ondition on the pore boundaries (i.e. withouthemistry). On the other hand when K goes to +∞, we obtain that b̄ = 0 and theprodut Kb̄, as well as A∗, have a non-zero limit, orresponding to the ase of Fourieror Robin boundary ondition for uε. 6























)Plugging these ansatz in the equation (3.2) yields after some standard algebra thedesired result, at least formally.3.2. Uniform a priori estimates. We now derive a priori estimates based onthe energy equality. As usual, they imply existene of a unique solution to problem(3.2)-(3.4). Depending on the assumed regularity of the initial data, we ould provearbitrary high regularity of the solution.Lemma 3.7. There exists a onstant C, whih does not depend on ε, suh thatthe solution of (3.2)-(3.4) satises
‖uε‖L∞((0,T );L2(Ωε)) +
√












































































































) everywhere in Ωε and notsolely on ∂Ωε.Lemma 3.8. There exists a onstant C, whih does not depend on ε, suh that





















}χ0≤τ≤t is bounded in L1(0, T ) independently of ε, Young's in-equality yields
{
‖vε‖L2((0,T );H1(Ωε)) ≤ C(‖uε‖L2((0,T );H1(Ωε)) + ε‖v0‖H1(Rn)),
‖vε‖L2((0,T )×Ωε) ≤ C(‖uε‖L2((0,T )×Ωε)) + ε‖v0‖L2(Rn)).












)This inequality is derived in [13℄. Combining it with the energy estimate (3.10), weobtain the statement of lemma.Remark 3.10. All the previous a priori estimates are not uniform with respetto k and K. This is one reason why taking the homogenization limit ε→ 0 and takingthe zero-adsorption limit k → 0 do not ommute.3.3. Two-sale onvergene with drift. For the reader's onveniene we re-all here the denition of two-sale onvergene in moving oordinates (or with drift)introdued in [23℄ (see [3℄ for a pedagogial presentation inluding detailed proofs).8
Definition 3.11. Let V be a onstant vetor in Rn. We say that a sequene offuntions Uε(t, x) ∈ L2((0, T ) × Rn) two-sale onverges in moving oordinates (or,equivalently, with drift) (x, t) → (x− Vε t, t) to a funtion U0(t, x, y) ∈ L2((0, T )×Rn×
T
n) if






















U0(t, x, y)φ(t, x, y)dxdydt. (3.13)The onvergene (3.13) is denoted by Uε 2−drift−→ U0.In analogy with the lassi two-sale onvergene results (see [2℄ and [26℄), wehave:Proposition 3.12. ([23℄) Let V be a onstant vetor in Rn and let the sequene




2−drift−→ U0 and ∇Uε 2−drift−→ ∇xU0 + ∇yU1. (3.14)Let Wε be a sequene uniformly bounded in L2((0, T ) × Rn) suh that ε∇Wε is alsouniformly bounded in L2((0, T )×Rn)n. Then there exists a subsequene, still denotedby ε, and a funtion W0(t, x, y) ∈ L2((0, T ) × Rn;H1(Tn)) suh that
Wε







2−drift−→ u(t, x), ∇uε
2−drift−→ ∇u(t, x) + ∇yw(t, x, y),
vε






2−drift−→ q(t, x, y).
(3.16)The fat that {uε} and {vε/K} have the same (two-sale with drift) limits followsfrom Lemma 3.9.Next we show that the last onvergene in (3.16) holds true even for integrals onthe boundary ∂Ωε instead of Ωε. This result is reminisent of the notion of two-saleonvergene on periodi surfaes developed in [5℄ and [27℄ and we ould develop thesame onvergene but with drift. 9




























q(t, x, y)φ(t, x, y) dxdσydt, (3.17)for any test funtion φ(t, x, y) ∈ C∞0 ((0, T ) × Rn × Tn),Proof. Let a ∈ C1(Ȳ 0; Rn) be a solution for






















































































































), as ε → 0, to the ouple (u(x, t),Ku(x, t)) where u(x, t) is the uniquesolution of the homogenized problem (3.6).10
The proof of Theorem 4.1 is divided in ve steps, in the spirit of [2℄.1. STEP (ompatness and hoie of the drift)By virtue of the a priori estimates of setion 3.2, Proposition 3.12 and Corol-lary 3.14 imply the existene of a subsequene (still denoted by ε) and of limits





2−drift−→ u(x, t), ∇uε
2−drift−→ ∇u(x, t) + ∇yw(x, y, t);
vε






2−drift−→ q(x, y, t).
(4.1)At this moment the hoie of the drift veloity is arbitrary. Nevertheless we now makea hoie whih will turn out, in the third step, to be the only possible one.In the absene of hemial reations (i.e. with homogeneous Neumann boundaryondition for uε instead of (3.3)), the drift veloity would be simply bc = |Y 0|−1 ∫
Y 0
b(y) dy(see e.g. [8℄). The hemistry term leads to a non-trivial drift whih is now dened inagreement with periodi gradient osillations.Lemma 4.2. Let the eetive drift b̄ (a onstant vetor) be given by
b̄ = (|Y 0| + |∂Σ0|n−1K)−1
∫
Y 0
b(y)dy. (4.2)There exists a periodi solution χi(y) ∈ H1(Y 0) of the following ell problem, 1 ≤ i ≤
n,




= b̄i − bi(y) in Y 0,
D∇(χi(y) + yi) · n = Kb̄i on ∂Σ0, (4.3)where n(y) is the external unit normal on ∂Σ0. This solution is unique up to anadditive onstant.Proof. We hek that b̄ is dened preisely so that the ompatibility ondition(or Fredholm alternative) in (4.3) is satised. We obtain
∫
Y 0
b(y)dy − |Y 0|b̄ −
∫
∂Σ0















































































Ku(x, t)b̄ · ∇xϕ(x, y, t) − kq(x, y, t)ϕ(x, y, t)
)
dxdydt = 0Therefore,
q(x, y, t) = q(x, t) = −K
k














































































u(x, t)b̄ · ∇xϕ(x, y, t) + b(y) · (∇xu(x, t) + ∇yw(x, y, t))ϕ(x, y, t)+









kq(x, y, t)ϕ(x, y, t)dxdσydt = 0. (4.7)As in lassial two-sale onvergene, problem (4.7) leads to the following dierentialproblem for w, valid a.e. on (0, T )× Rn:
−D divy(∇xu(x, t) + ∇yw(x, y, t)) + b(y) · (∇xu(x, t) + ∇yw(x, y, t)) =
b̄ · ∇xu(x, t) in Y 0, (4.8)
w is Y − periodi in y (4.9)
−D(∇xu(x, t) + ∇yw(x, y, t)) · n = kq(x, t) = −K∇xu(x, t) on ∂Σ0. (4.10)12
At this point it is ruial to have hosen the drift b̄ dened by (4.2), otherwise (4.10)would have no solution but the trivial one. Finally, we onlude that the funtion
w(x, y, t) is given by the following separation of fast and slow variables formula:
w(x, y, t) = χ(y) · ∇xu(x, t), (4.11)with χ(y) of omponents χi solving problem (4.3).4. STEP (determination of the homogenized equation)In this step we test problem (3.2)-(3.4) by φ̂(x, t) = φ(x − b̄t
ε
, t
), with φ ∈
C∞0 (R
n × [0, T )), implying that φ(x, T ) = 0. Also, we use the symbol ∂̂tφ for
∂tφ(z, t)|z=x−b̄t/ε. Note that
∂tφ̂(x, t) = ∂̂tφ(x, t) −
b̄
ε









































∆ψi(y) = bi(y) − b̄i on Y 0;
∂ψi
∂n
= Kb̄i on ∂Σ0;




ε2∆ψεi (x) = bi(
x
ε




= Kb̄i on ∂Ωε; (4.14)13

















































































































































































































































dy. (4.23)Remark that only the symmetri part of the homogenized matrix appears in thehomogenized equation: Ā1 is already symmetri but Ā2 is not and should be sym-metrized. The eetive or homogenized matrix is thus dened by





2 ).Then after inserting the limits (4.17)-(4.21) into the variational equation (4.16) weonlude that the limit funtion u(x, t) solves the problem
(|Y 0| +K|∂Σ0|n−1)∂tu = divx(A∗∇xu) in Rn × (0, T ), (4.24)
u(x, 0) =
|Y 0|u0(x) + |∂Σ0|n−1v0(x)
|Y 0| +K|∂Σ0|n−1
in Rn. (4.25)It remains to prove that the matrix A∗ is positive denite and establish uniquenessof the limit funtion.5. STEP (properties of the eetive matries and uniqueness)Clearly, the matrix Ā1, given by (4.22), is symmetri and non-negative, i.e. Ā1ξ ·
ξ ≥ 0 for any ξ ∈ Rn. Furthermore, we have15








(∇yχi(y) + ei) · (∇yχj(y) + ej) dy+
∫
Y 0



















(b̄i − bi(y))χj(y)dy +K
∫
∂Σ0
b̄iχj(y)dσ. (4.28)Next we multiply the equation (4.3) for χi by χj(y) and integrate the resulting relationover Y 0. This yields a formula for the rst term on the right-hand side of (4.23)
∫
Y





















b(y) · ∇yχi(y)χj(y)dy +D
∫
Y 0







b(y) · ∇yχj(y)χi(y)dy =
∫
Y 0
b(y) · ∇yχi(y)χj(y)dy, i, j = 1, . . . , n.The remaining part of Lemma (4.3) follows immediately. As a onsequene, theuniqueness of the homogenized solution u(t, x) is obvious. Thus the entire sequene
{uε, vε} is onverging.5. Strong onvergene (proof of Theorem 3.3). This setion is devoted tothe proof of Theorem 3.3, i.e. it improves on Theorem 4.1 by replaing the weaktwo-sale onvergene (with drift) with a strong onvergene result. Namely, we aregoing to show that in the moving oordinates (x, t) → (x− (b̄/ε)t, t) the funtions uεand vε onverge strongly to the limit funtions u(x, t) and Ku(x, t), respetively, orequivalently that
lim
ε→0






= 0. (5.1)We start with the ase of well-prepared initial data, i.e. the initial data are atthe equilibrium isotherm. Our rst result is the following16






















































(5.2)Sine we expet the family {uε, vε} to be ompat only in the produt spae L2((0, T )×




















































dt ≥ |Y 0|‖u‖2L2(Rn×(0,T ))+













































b̄ · ∇xu(x, s)
∣∣∣
2

















|∂Σ0|n−1‖v0‖2L2(Rn).Our next aim is to ompute the energy of the limit equation. Multiplying equation(4.24) by u(x, s) and integrating over Rn × (0, t) and then one again in variable tover the interval (0, T ), after straightforward transformations we obtain
1
2







A∗∇u(x, s) · ∇u(x, s)dxdsdt =
T
2(|Y 0| +K|∂Σ0|n−1)
∥∥(|Y 0|u0 + |∂Σ0|v0
)∥∥2
L2(Rn)



























|∂Σ0|n−1(b̄ · ∇xu(x, t))2dxdsdt.Beause of the energy equality (5.7) for the homogenized problem and the lowersemiontinuity of the terms in the energy equality (5.3) for the mirosopi problem,we onlude that the norm onvergene is valid if and only if we have
(|Y 0| +K|∂Σ0|n−1)−1




(|Y 0|‖u0‖2L2(Rn) +K−1|∂Σ0|n−1‖v0‖2L2(Rn)). (5.8)After a simple alulation, we nd out that (5.8) is equivalent to ||u0√K−v0/√K||2L2(Rn) =
0. Hene under our assumptions on well prepared initial data, we have
lim
ε→0
‖uε‖2L2(Ωε×(0,T )) = |Y
0|‖u‖2L2(Rn×(0,T )) = ‖χY 0(y)u(x, t)‖2L2(Y ×Rn×(0,T ))
lim
ε→0
ε‖vε‖2L2(∂Ωε×(0,T )) = K
2|∂Σ0|n−1‖u‖2L2(Rn×(0,T ))18
whih is equivalent to the desired strong two-sale onvergene (see [2℄).In order to prove the strong onvergene result for uε in the ase of arbitrary initialonditions u0 ∈ L2(Rn) and v0 ∈ H1(Rn), and thus to nish the proof of Theorem3.3, we onsider problem (3.2)-(3.4) on subintervals t ∈ (δ, T ) with small positive δ.For non-onsistent initial onditions the solution (uε, vε) ontains an initial layer termwhih makes a nontrivial ontribution to the energy. By restriting problem (3.2) onsubinterval (δ, T ), we make this ontribution negligible for small δ.We proeed with rigorous arguments. Assume that for a subsequene (still de-noted by ε) there is a lak of energy ontinuity, i.e.,
lim
ε→0
‖uε‖2L2(Ωε×(0,T )) > |Y
0|‖u‖2L2(Rn×(0,T )). (5.9)Then, sine ‖uε(t)‖2L2(Ωε) ≤ C uniformly in time by Lemma 3.7, there is δ0 > 0 suhthat for any δ, 0 < δ < δ0, we have
lim inf
ε→0
‖uε‖2L2(Ωε×(δ,T )) > |Y




, ‖vε(·, δε)‖2H1(Ωε) ≤
c
δ0
, ‖Kuε(·, δε)−vε(·, δε)‖2L2(Ωε) ≤
cε2
δ0
.Taking, if neessary, a subsequene, one an assume that δε onverges to some δ̄,























) on ∂Ωε × (δε, T ),
























) on ∂Ωε × (δε, T ),
u2,ε(x, δε) = 0, v2,ε(x, δε) = vε(x, δε) −Kuε(x, δε).






L2(Ωε)whih is valid for any g ∈ H1(Ωε), we onlude that
‖Kuε(·, δε) − vε(·, δε)‖2L2(∂Ωε) ≤ cε/δ0.19
Therefore, by the a priori estimate (3.10) applied to (5.12), we get
‖u2,ε(·, t)‖2L2(Ωε) + ε‖v2,ε(·, t)‖
2
L2(Ωε)
≤ cε2/δ0 (5.13)for all t ≥ δε. Under our hoie of δε, using the standard extension operator [1℄,we an assume, without loss of generality, that uε(x, δε) is dened in the whole Rn,satises the bound ‖uε(x, δε)‖2H1(Rn) ≤ c/δ0 and that uε(x − (b̄/ε)δε, δε) onverges,as ε→ 0, to a funtion ǔ0(x), suh that ‖ǔ0‖2H1(Rn) ≤ c/δ0.In exatly the same way as in the ase of onsistent initial onditions one anshow that on the set Rn × (δ̄, T ) the funtion u1,ε strongly two-sale onverges withdrift (x, t) → (x− (b̄/ε)t, t) towards a solution to the following problem










‖u1,ε‖2L2(Ωε×(δε,T )) = |Y
0|‖ǔ‖2L2(Rn×(δ̄,T )).Combining this with (5.13), we dedue that uε two-sale onverges with drift (x, t) →
(x−(b̄/ε)t, t) on the set Rn×(δ̄, T ) to the funtion ǔ. This implies that ǔ(x, t) = u(x, t)for t ≥ δ̄, and
lim
ε→0




‖uε‖2L2(Ωε×(tε,T )) = |Y
0|‖u‖2L2(Rn×(δ̄,T )).The last relation ontradits our assumption (5.10). Thus, we have proved Theorem3.3. REFERENCES[1℄ E. A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